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Optimal Finite-Time Feedback Controllers
for Nonlinear Systems with Terminal Constraints

Srinivas R. Vadali* and Rajnish Sharma’
Texas A&M University, College Station, Texas 77843-3141

This paper presents a dynamic-programming approach for determining finite-time optimal feedback controllers
for nonlinear systems with nonlinear terminal constraints. The method utilizes a polynomial series expansion of
the cost-to-go function with time-dependent gains that operate on the state variables and constraint Lagrange
multipliers. These gains are computed from backward integration of differential equations with terminal boundary
conditions, derived from the constraint specifications. The differential equations for the gains are independent of
the states. The Lagrange multipliers at any particular time are evaluated from the knowledge of the current
state and the gain values. Several numerical examples are considered to demonstrate the applications of this
methodology. The accuracy of the method is ascertained by comparing the results with those obtained by using
open-loop solutions to the respective problems. Finally, results of the application of the developed methodology to

a spacecraft detumbling problem are presented.

Introduction

OLUTIONS to optimal control problems can be obtained by

solving the Hamilton—Jacobi—Bellman (HJB) equation, a non-
linear partial differential equation. The method of characteristics,
which is typically implemented via shooting algorithms, results in
open-loop solutions to the HIB equation. The linear-quadratic (LQ)
problem is a special case for which there is an exact, closed-form
feedback solution for the HJB equation, with the control gains re-
sulting from the solution to a Riccati equation and a set of linear aux-
iliary differential equations. Other special cases of norm-invariant
nonlinear systems exist for which the optimal control involves a
linear feedback of the states. An example of this type of a problem
is that of the optimal detumbling of a rigid body using continuous
controls, which minimize a quadratic, infinite-horizon performance
index, based on the kinetic energy.! Many approaches have been
devised in the controls literature to obtain approximate solutions to
the unconstrained HJB equation, in general settings. In this paper,
attention is focused on problems for which the HJB equation admits
smooth solutions.

Power-series solution methods to the infinite-horizon problems
can be traced back to the work of A’lbrekht’> who used Lyapunov
functions to construct optimal controls for nonlinear systems, in
feedback form. The convergence proof is based on the asymptotic
stability of the linear part of the closed-loop system. Lukes* formal-
ized the power-series approach by expanding the cost and controls
about the origin. Dabbous and Ahmed* showed the application of
the series solution method to the problem of nonlinear optimal an-
gular momentum regulation of a satellite. Carrington and Junkins’
used the series expansion of the costate vector to solve the optimal
finite-horizon, spacecraft attitude regulation problem in feedback
form. Their approach is different from the series solution of the HIB
equation in which the scalar cost function is expanded in a power se-
ries. The control law obtained by Carrington and Junkins® involves
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nonlinear feedback of angular velocities and Euler parameters, using
time-varying, matrix, and higher-order tensor gain elements. They
incorporated a change of variables involving the terminal boundary
conditions in order to convert a general maneuver problem into a
zero-set-point problem. In addition, they chose a long enough hori-
zon for completing the maneuver, thus requiring only the method-
ology of the asymptotically stable, infinite-horizon regulator.

Yoshida and Loparo® presented an approximation theory for the
optimal regulation of nonlinear systems with additive controls using
a lexicographic listing of vectors containing monomials of different
degrees. This arrangement allows the use of Carleman linearization
for the theoretical analysis of convergence. Extension of the series
solution methodology to the solution of the Hamilton—Jacobi—Isaacs
equation can be found in Huang and Lin’ and Tsiotras et al.®

Approximations of other forms can also be found in the literature
on suboptimal control. Garrard et al.’ presented an approximation
method by neglecting the time derivatives of certain nonlinear terms
in the HJB equation. One can establish a connection between this
work and the state-dependent Riccati equation approach.'® Tewari'!
presented an iterative approximation technique for the spacecraft
attitude control problem, which uses a specific form of a positive-
definite cost function (Lyapunov function) chosen a priori. Exten-
sion of this technique to tracking maneuvers can be found in Sharma
and Tewari.'?

Cimen and Banks'? introduced an “approximating sequence of
Riccati equations” approach to nonlinear optimal control problems
with nonquadratic performance indices. However, they did not con-
sider terminal constraints. In this approach, the optimal control is
obtained by solving a sequence of time-varying Riccati differential
equations until convergence is achieved. The result is an optimal
control law for the original nonlinear system, which has a linear state
feedback structure, with time-varying gains. However, the feedback
control solution has to be recomputed for each new initial condi-
tion. The # — D suboptimal approach of Xin et al.'* also results in
an approximate solution to the HIB equation. It involves the addi-
tion of small perturbations to the original cost function such that a
closed-form solution to the control can be achieved. This method
can also be classified as an inverse optimal control approach.

Inverse optimal control approaches obtain a performance index
that is minimized, given a stabilizing feedback control law. How-
ever, often, the performance index might not have known physical
significance. Examples of the applications of this technique can be
found in Vadali and Junkins'> and Kristic and Tsiotras.!'

Beard et al.'” developed a Galerkin successive approximation
technique to solve the generalized HIB (GHJB) equation, a linear
partial differential equation. The sequence of solutions converges
to the solution of the HIB equation in the limit. Extensions of the
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methodology to solve robust optimal control problems can be found
in Beard and McLain.'® Other approaches exploit the fact that the
optimal control at any time is dependent on the local gradient of the
cost-to-go. Hence a local approximation procedure is also possible
to approximate the cost function in the neighborhood of the current
state.'” Park and Tsiotras?”' use the wavelet basis functions to solve
the GHJB equation using the iterative Galerkin procedure as well
as the collocation approach.

As just discussed, much of the work has been focused on the
infinite-time regulation problem, but the fixed final-time problem
with nonlinear terminal constraints has notreceived its due attention.
The primary reason is the need to deal with the hard terminal con-
straints and the associated computation of the constraint Lagrange
multiplier. A special case of the hard terminal constraint problem
is one where the final states are specified a priori or can be solved
for uniquely from the constraint equation. For such problems, in a
series of papers, Guibout and Scheeres?? and Park and Scheeres?>*
proposed an alternate approach based on canonical transformations
and the Taylor’s series expansions of the Hamiltonian and generat-
ing functions. They have demonstrated a computational technique to
solve in closed form a class of two-point boundary-value problems
arising in the context of impulsive orbit-transfer problems, forma-
tion flying, as well as optimal control problems. In this approach,
the state and costate vectors at a particular time instant are viewed
as a result of a canonical transformation from the initial state and
costate vectors. Different types of generating functions can be cho-
sen depending on the class of problems (boundary conditions) be-
ing solved. A generating function of one type can be converted into
that of another type via the Legendre transformation. Reference 24
contains applications of the HIB theory to the minimum-time con-
trol problem of the double integrator as well as a singular control
problem for a linear system with a quadratic cost function. Ex-
plicit nonlinear terminal constraints have not been accounted for in
Refs. 22-24.

The sweep method® was developed for solving finite-time LQ
problems with linear terminal constraints. The method is based on
two steps. As presented in Ref. 25, the first step expresses the costate
vector at any time instant as a linear combination of the current
state vector and the constraint Lagrange multiplier vector. The sec-
ond step in the process requires that the terminal constraint also
be expressed as a linear combination of the same form, as already
mentioned. A symmetry property, involving the gains of the two
linear combinations, is obtained after the derivation process for the
differential equations governing the evolution of the gain matrices
is completed. Similarity between the sweep method and dynamic
programming for a class of LQ problems is shown in Bryson.?® An
alternate derivation using the generating function approach for solv-
ing the HIB equation is also presented in Park and Scheeres®® for
the solution to the LQ problem. The terminal constraint is a given
final state vector, and a constraint Lagrange multiplier vector is not
required in this approach. The HJB approach is more direct and
natural than the sweep method.

In this paper, the dynamic-programming approach, based on
power-series expansion of the cost function, is extended to deal with
finite-time feedback control of nonlinear systems with nonlinear ter-
minal constraints. In so doing, a compact derivation of the results of
the sweep method for LQ problems is obtained as a special case. The
power-series solution methodology is used, but, unlike in the works
just discussed, explicit use is made of the constraint Lagrange mul-
tipliers. The methodology is illustrated first on a problem that has an
analytical solution. Subsequently, a two-dimensional problem with
a nonlinear terminal constraint is treated. Finally, an example of
optimal detumbling of a spacecraft is presented.

Statement of the Problem

The main objective in this study is the determination of a nonlinear
feedback control law to minimize a general Bolza performance index
(cost) defined as

i
J =¢[x(ff)]+/ L(x,u,t)dr 1)

fo

for a nonlinear dynamical system:
x=f(x,u1) )

where f: R"+"+1 — R is a smooth, analytic, vector-valued func-
tion with x € N and u € N™. The initial time f,, the final time
ty, and the initial condition on the state vector x, are assumed
to be given. It is also assumed that f(0,0,7) =0 and the con-
trol vector u is unconstrained. The terminal constraint is given by
Yix)]—vr=0; ¢, € RP=", where ¥ ¢, the value of the con-
straint, is defined to satisfy the condition v/ (0) = v¢. Equation (1),
when written with the current time as the lower limit of integration,
represents the cost-to-go function, and it is termed the value func-
tion in the dynamic-programming literature. It is also assumed that
the value function and the controls are smooth with respect to the
states, Lagrange multipliers, and time.

Derivation of the Important Results

Herein, the variational approach to the derivation of the necessary
conditions is briefly outlined first, and then the results are related to
those obtained from dynamic programming.

The terminal constraint and Eq. (2) are augmented to the cost
function, and the augmented cost function is written as

Jo = olx )+ v {(Ylxt)] — ¥y}

ty
+/ (Lo, u, ) + N[ f(x,u,t) —x]}de 3)

where v is a vector of constant Lagrange multipliers that enforce
the terminal constraints and A is the costate vector. The necessary
conditions for optimality can be derived by using the Hamiltonian
formalism, which begins with the definition of the Hamiltonian:

H=L0ut)+ X f(xu1) “
The first variation of the augmented cost function® is written as

T
8J, =[ o9 , 0¥
ax(ty) | ox(ty)

YT .\ oH .\
p— T _ _ Y
Yl du—l—/t; |:<8x —l—)\) 8x+(a)\ x) A
(8H>T }
+( =) u|ds ®)
ou

First-order necessary conditions that must be satisfied by the opti-
mal state and control are obtained by requiring that the first variation
8J, in Eq. (§) vanish, for admissible variations in x, u, A, and v. The
necessary conditions for extremizing the augmented performance
index are?

T
v— A(tf):| Sx(ty) + {¥lx(ry)]

. 0H ‘ oH
X = ﬁ, A:—E (6)
u* (1) = min, (H) )

where u*(t) is the optimal control.
The transversality condition is

(¢))

T
Al = dglx(ty)] {Bllf[X(lf)]} y

ax(tf) 8x(tf)

A further necessary condition is that the terminal constraint must be
satisfied.

Dynamic-programming formalism also provides necessary and
sufficient conditions for the preceding minimization problem in the
form of the HIB equation and the associated boundary conditions.
Explicit feedback control laws can be obtained from the solutions
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to the HIB equation, a partial differential equation for the optimal
value function (cost-to-go) J* as shown next®:

Y h| 0.0, 2 ©
T A T

with the boundary condition
T [x(tp), tr] = plx ()] x(tf)

such that Ylx()]l = vy (10)
The key result that connects dynamic programming and the varia-
tional approach is the relationship between the costate vector and
the gradient of the value function®26:

oo B0, 1]
A1) = v (11)

Indeed, using the Lagrange multiplier rule, Eq. (10) can also be
written as

T lx(tp), 151 = plx )] + v (Ylx )] — ¥f) 12

and the partial derivative of the preceding expression with respect
to x(ty) results in the boundary condition of Eq. (8). A detailed
treatment of the boundary conditions can be found in Dreyfus.?’

Another key sensitivity result can be arrived at by considering the
effect of the differential in the constraint Lagrange multiplier vector
dv on the cost, in the neighborhood of the optimal solution. It can
be observed from Eq. (5) that if all of the necessary conditions are
satisfied then the gradient with respect to v, of the augmented cost
function, along the optimal trajectory is

0, 9J[x(1), 10]
v ov

+{Ylx()] - ¥} =0 13)

Because the terminal conditions are also satisfied as part of the
necessary conditions and because the initial time is arbitrary, the
preceding result can also be stated as

0 [x(1), 1]

9 0 (14)

The partial derivative of Eq. (12) with respect to v shows that the
preceding condition is also satisfied at the final time:

AT [x(tp), 1]

Y ={Ylx@)] ¥, =0 15)

Equation (14) is the main result that will be exploited in this paper.
This important result has not been dealt with in any of the standard
references found in the literature. It is also important to point out
that unlike the solution obtained from a two-point boundary-value
problem a solution that satisfies the HIB equation, if it exists, satis-
fies both the necessary and sufficient conditions for a minimum. In
the next section, the dynamic-programming approach is applied to
the fixed-horizon, terminally constrained, LQ problem. Interested
readers can compare the derivation process with that presented in
Bryson and Ho.”

Alternative Derivation of the LQ Terminal Controller

Consider the following LQ problem with known initial and final
times:
Minimize:

_l " T T
J = 3 (x"Ox +u" Ru)dt (16)
o

Subject to:

% = Ax + Bu (17)

and a linear terminal constraint
Cx(ty) =Yy (18)

The weight matrix Q is assumed to be symmetric and positive
semidefinite. The control-weighting matrix R is assumed to be sym-
metric and positive definite. Controllability of the pair (A, B) and
observability of the pair (A, 4/ Q) are also assumed. When the num-
ber of constraints is equal to the number of states and the matrix C
in Eq. (18) is invertible, then the final state can be explicitly solved
for. For cases where the number of constraints is less than the di-
mension of the state vector, the final state is determined as a result
of the optimization process.
The Hamiltonian for the problem is

H = [x" Ox +u” Rul + N [Ax + Bu] (19)

The application of the optimality condition results in the following
relationship:

u=—R"B"X (20)

Substitution of Eq. (20) in Eq. (19) results in the following form of
the Hamiltonian:

H = 1[x"0x — A"BR'B"A] + AT[Ax] 21

The transversality condition is written as

0 ] _
ax(ty)

The next step for obtaining a feedback control law is an expansion
of the cost-to-go. Ideally, it is desirable to express the cost function
in terms of the current and final states. However, this is not possible
directly because an expansion of this type does not lead to explicit
terminal boundary conditions for the gains. This situation can be
identified with the lack of identity transformations for certain types
of generating functions in the canonical transformation approach.?
Because the Hamiltonian is quadratic in x and A and Eq. (22) sug-
gests a linear dependence of A on v, the following quadratic form
is written for J*[x(¢), t]:

Alty) = (22)

Jx@), t11=1x@"SOx@) + v KO)x(0) + v POv —vTy,
(23)

Equation (23) is a modified version of a similar form given in
Bryson.® The addition of the last term in Eq. (23) is motivated by
its presence in Eq. (3). The matrices S, K, andP in the preceding
equations are time-varying gain matrices of appropriate dimensions.
Differential equations and the appropriate boundary conditions for
the gains have to be determined. Note that S and P can be assumed
to be symmetric. The following results are obtained by utilizing
Egs. (11) and (14) for the LQ problem:

aJ*
A= =Sx+KTv (24)
0x
aJ*
=0=Kx+ Pv—yy (25)
1% ’

The boundary conditions for the preceding gains can be obtained
by inspecting Egs. (18) and (22), as given next:

St =0 (26)
K(t;)=C (27)
P(t;) =0 (28)

Note also that these boundary conditions result in the following
intuitive result for the cost at the final time:

T x(ty), 11 =0 (29)
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The HJB equation can be written as

aJ* 1 ENAR aJ*
=——|:xTQx— 5 BR‘BT—]
X

ot 2 ox
1aJ*T 1 aJ*
- = [Ax] — =xTAT — (30)
2 0x 2 0x

The differential equations for the gains are obtained by utilizing
Eq. (23) in Eq. (30) and collecting the coefficients of the linear and
quadratic terms involving x and v. These equations are

S=—-Q—SA—A"S+ SBR'B”S (31)
K =—K(A—BR'BTS) (32)
P=KBR'BTKT (33)

The optimal control law can be obtained from Eq. (20), via Eq. (24).
However, in order to implement the control, the constant 2 must be
calculated from Eq. (25) at any time, other than the final time, as
follows:

v=—P®) ' [K®Ox(1®) — /] (34)

Sufficient conditions for a minimum, based on the existence of
solutions to Eqgs. (31-33), can be found in Bryson and Ho.? Signif-
icance of the normality condition P(¢) < Ofor#y <1t < t; canbe
seen from the evaluation of the value function by replacing v, in
Eq. (23) by using Eq. (25). The result is

JHx@), 1] = Ix ()" S()x (1) — ' Pty 35)

Because § is required to be the positive-definite solution to the
Riccati equation, the normality condition ensures that the value
function remains positive definite, as it should be.

For an open-loop solution to the problem, the initial costate is
all that is required. The initial costate can be computed with the
knowledge of the initial values of the gains and v. In the absence of
numerical errors, v is a constant, irrespective of the time ¢, at which
it is computed by using Eq. (34). The optimal control problem can
be solved by forward integration of the state and costate differential
equations, once the initial costate vector is determined from Eq. (24).
However, a feedback control implementation requires that the gains
be stored and the control be implemented using the current state and
time. A singularity exists in the feedback control implementation
at the final time, where v cannot be calculated from Eq. (34). A
practical fix to this problem is to stop the updating of v during the
“blind time "%

The dynamic-programming approach for the derivation of the
feedback control law is more direct than that of the sweep method,
using the state and costate differential equations.?> Furthermore,
the computational burden for determining the optimal control is re-
duced (considerably more so for nonlinear problems because of the
exploitation of symmetry of the gain tensors) by implementing the
HJB methodology. The method just presented is especially attrac-
tive when the dimension of v is much smaller than that of x because
the number of gains is reduced. In the next section, the procedure
just described for the LQ problem is extended to the more general
case of a nonlinear system with a nonlinear terminal constraint.

Series Solution Methodology for the Nonlinear Problem

Series solution methods are attractive for weakly nonlinear sys-
tems that are analytic. Convergence of the series solution is not
guaranteed for highly nonlinear systems. Herein, it is assumed that
the states are nondimensionalized such that the series solution is
valid. Alternatively, the nonlinear perturbation dynamics close to
the nominal optimal trajectory can be considered, in order to jus-
tify the use of the series solution. Required assumptions regarding
smoothness of the value function and existence of solutions are also
made.

Because the Hamiltonian is a function involving the states and
costates, the cost-to-go function is expanded in a polynomial series
involving x and v as shown here:

J*[.X(l), [] = Sli/ ([)Xl‘Xj + Szijl( (l)xin)Ck + - +K1pj (I)VpXj
+ szqj (l)l)pquj + K3p,.f(t)vpx,-xj + = (1//‘,«)1,1)1,

+Ci,,, Ovpvy + Cop, (V140 + -+ -0t

i, jk,l...... etc.=1,2,3,...,n
DPaqol .. etc=1,2,3,....,p<n (36)
where S;(7), R;(¢), K;(#),C;(t)...,i=1,2,3,..., are gain ten-

sors (expressed using indicial notation), having time-dependent el-
ements. This polynomial expansion of the cost-to-go is at the heart
of the method presented in this paper.

Differential equations for the gain elements can be obtained by
substituting Eq. (36) into the HIB equation [Eq. (9)] and collecting
the coefficients of like powered terms involving x and v. For exam-
ple, it can be seen that S;(¢) satisfies the familiar Riccati equation.
Terminal boundary conditions on the gain variables can be postu-
lated by using Eqgs. (8) and (15). Once the gain elements are obtained
via backward integration, the costate vector can be determined from
Eq. (11), and v can be determined from Eq. (14) by using vector
reversion of series.?

Generation of the equations for the gain elements is a tedious
process, but it can be simplified by the use of symbolic manipulation
programs like Mathematica® or Maple. Structured approaches to the
series solution methodology have been presented in Refs. 6 and 7.
Itis convenient to combine x and v into a single extended vector for
generating the gain equations. The equations required in this work
were generated by using the software package, Maple.

Example with a Closed-Form Solution

The following, one-dimensional, example is considered to illus-
trate the application of the methodology:
Minimize:

Subject to:

X =u,

Vo= x(ty) +ex(t)? =y

x(0), ¥y, and ty = given 37

where ¢ is a small parameter. It is assumed that the constraint is reg-
ular, that is, at least one real solution exists for x (¢,). This problem
is quite simple if the constraint is solved for x(¢;) a priori. With-
out an explicit solution for the final state, assuming that two real
roots exist, it will be desirable for the algorithm to choose the final
condition that involves the least cost.

The HJB equation for the example problem is

3]*[x(l‘),t] _ lj*i (38)
ot 2

subject to

Jix(tp). 1] = A(tp) = vy lx(ip)] = vll +2ex(tp)] - (39)
The cost-to-go is expanded using a power series as follows:
Jx@®), 11 = S$ix2 4+ $x° 4+ -+ + Kywx + Kov*x + Kavx?

+ o =Y+ O+ Gt - (40)

Thus the expansions for the costate and the constraint are

A=281x +35%x>+ -+ Kyw+ Kov? +2K3vx + -+ (41)



VADALI AND SHARMA 925

and
Kix +2Kowx + Ksx® + -+ +2C,v + 3G +--- = ¢, (42)

Equation (42) can be used to solve for v, once the gains have been
computed. The following system of differential equations for the
gains is obtained by substituting Eq. (40) into Eq. (38) and utilizing
Eq. (39):

§ =28}, Sit) =0,  $=685%5,  S)=0
K, =25Kj, Ki(tp) =1, K, =25/K, + 2K, K;
Kytp) =0,  K3=38K +45K;,  Ki(tp)=¢
CIZ%KIZ, C](tf):(), C2:K1KZs CZ(lf):O
..... (43)

The preceding differential equations can be solved analytically, and
the following is the series representation for the control obtained
from Eq. (41):

A= —u = [1/ +2e(t — tp)V? + 4t — 1)’

+83( — 1)’V Ynlx (0] (44)

The preceding series is a binomial expansion, and it is recognized
that as more terms in the series are taken the resulting control law
takes the form:

1 1
= — - = — (1 2¢e
“ V[l —2e(t — zf)y} i ”[1 —2e(t — rf)u}( 26
(45)
Hence, the series in Eq. (44) converges if |2e(t — t;)v| < 1. Equa-
tion (42) can be reduced to the form shown next by using the solu-

tions to Eq. (43):

[v( —tp) +3e(t — 1)V + 867 (1t — 1)V

30, N4 4 _ Ylx@®)] — vy
+2067( — )t ] = {7%2[)((0] } (46)
which can also be written compactly as
l—e@t—tpv | _ [vIx®O] =9y
vt - tf){ [1—2e@—tpv]? } - { Y2[x(1)] } “n
On further inspection, the preceding result simplifies to
et — 1 = L2
[1—2e(—tp)v] = [+ 4ev,] ge#0
yz_(x“”f), e=0 (48)
t—ty

Hence, v can be computed from Eq. (46), by using series reversion
or directly, from Eq. (48). The process of series reversion yields an
unique solution to v:

v=F—3e(t —t,)F* +10e*(t — t;)*F* = 35¢°(t — t)° F*

+1266*(t — t5) F° — 46265t —t7)°FS + - - - (49)

where

__(t—tf)

1 { Vix@] -y }
Yilx ()]

0.2

015}

-3 -2 -1 0 1
()

Fig. 1 Optimal value function: comparison of the results of the series
and exact solutions.

On the other hand, the proper solution to Eq. (48) must be selected
to obtain the optimal value function. Theoretically, v is a constant,
but its evaluation from Eq. (46) shows variation with respect to time
because of truncation of the series. Note that if v, =0 initially, then
v cannot be computed from Eq. (49). This special case corresponds
to the existence of a point from which two equally optimal solu-
tions exist (Darboux point®). The series solution, in the form just
presented, is not valid for this special initial condition because the
requirement for convergence of the series is violated. When posed
as a fixed final-state problem, the difficulty with the special initial
condition just mentioned disappears. However, one must solve the
problem for multiple possible final states and choose the minimum-
cost solution (not a practical method of solution for more difficult
problems). The control gain for either method approaches infinity,
as the final time is reached. The advantage of the series solution
method is that it automatically chooses the optimal control, in the
neighborhood of the terminal constraint, when the convergence cri-
terion is satisfied and the required number of terms is included in
the series expansion.

For completeness, the exact, value function for the preceding
problem is given next:

(50)

Jx(@), 1] = V|:—¢ O l”fi|

1—2¢e(t —t7)

where v can be evaluated from Eq. (48). This result is used to
validate the series solution method.

Consider an example with ¢=0.5,7,=5 s, and ¥, =0.5.
Figure 1 shows the exact, bimodal cost function for this problem,
evaluated at the initial time, ¢t =ty = 0. Results of the series solution
procedure for four different initial conditions are superimposed on
this figure. These results were obtained by integrating the closed-
loop system with the feedback control law given by Eq. (44), with
v evaluated from Eq. (49). Six terms were used in the expansions in
each of the preceding equations. As shown in Fig. 1, values of the
cost function are reproduced accurately at the selected points. The
six-term series solution does not converge when the initial state is
in the range (—2,0).

Other Examples

The following, two-dimensional, example is presented to further
illustrate the application of the series solution methodology. Un-
like for the preceding example with an analytical solution for the
gain differential equations, the gain equations for the examples pre-
sented in this section were integrated backwards in time to obtain
their initial values. In the actual implementation of the control law,
the gain equations were integrated forward in time, along with the
state equations, using the known initial conditions. Although the
computational burden increases with such an implementation, stor-
age of the time-varying gains is avoided. A different implementation
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is utilized in the next section. In general, especially when integrat-
ing over large time intervals, some form of a symplectic integrator
should be utilized, as suggested in Ref. 22. In all of the examples
presented next, the value function was expanded to fourth order, and
the series reversion process to determine v was also implemented
to fourth order. Furthermore, because v cannot be determined at
the final time, the simulation was stopped just prior to reaching the
final time. For each example, the corresponding open-loop optimal
solution, obtained by using a shooting method, is also presented.

Equations (51), (52), and (53), respectively, show the dynamical
model, constraint, and performance index:

&= —(mix + myx® + myx’) + Bu (51)
Y= [81x(lf) + &2 (t7) + &3x(t7) + 4k (1)’

+esx(tp)ity)] = vy (52)

Iy
J= / (Qux* + Qi + Ru*) dt (53)

fo

Two cases are considered next by choosing different sets of param-
eters for the model.

Case A: Highly Nonlinear System and Nonlinear Terminal Constraint
This example is parameterized by the following choices for the
constants in Egs. (51-53):

m; =1, m, = 0.8, m3 = 0.75, g =09
& = 0.6, g3 =0.6, g4 = 0.3, g5 =0.1
On=0n=B=R=1, 1o =0, tr=3
x(t,) =[0.1; 0.2], Yr=05

Figure 2a shows the open-loop and feedback control histories
for the nominal and perturbed initial conditions. The feedback con-
trol histories track their open-loop counterparts closely. Deviations
between the open-loop and feedback control histories are evident
because of the approximations introduced by the series expansion
and the series reversion process. The results for the perturbed ini-
tial conditions were obtained by utilizing forward integration only,
because the initial conditions of the gains were known from the
computations for the nominal problem. The error in satisfying the
terminal constraint is approximately 4.8 x 107>, for a 10% change
in the initial state from its nominal value. The simulation is stopped
slightly before reaching the final time of 3 s because of the singu-
larity at the final time. Figure 2b shows the open-loop and feedback
phase portraits for various initial conditions. Even though there is
some deviation in the midcourse, the terminal constraint is satisfied

0.5
] Ot
f‘
A — - —Feedback solutions
—— Open-loop solutions
05 L L L L L
0 0.5 1 1.5 2 2.5 3

Time

Fig. 2a Case A: open-loop and feedback control histories.
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Fig. 2b Case A: phase portraits with various I.C. (Nominal initial con-
ditions (I.C.) is perturbed within the range [—10 10] %.)
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03r | u 39 order (/’
02 — - —u 2order /’
25} |
— ~u 1% order /

0.05¢
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Fig. 2¢c Case A: convergence of the state trajectory as a function of the
order of approximation.

1

.......... J=4.6861
-2f| — - -J=0.1895
— J=4.3931
o os 1 15 2 25 3

Time

Fig. 2d Multiple open-loop extremals for the same state I.C. but with
different initial costate guesses.

quite accurately. Figure 2c shows the convergence of the first state
toward its optimal solution, as more terms in the series are included.
Third-order series solution for the control is seen to be much better
than the lower-order control approximations.

Another interesting observation is the existence of multiple open-
loop solutions obtained for the same initial conditions, depending
on the initial guesses for the costates. Because the shooting method
utilizes necessary conditions only, the result cannot be guaranteed
to be a local minimum unless tested further using second-order con-
ditions. Figure 2d shows three trajectories from the same initial
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Fig. 3 Case B: phase portraits for the feedback and open-loop solu-
tions for different state I.C.

conditions for the states, each with a different cost function. How-
ever, each feedback-controlled trajectory, for all of the initial condi-
tions, is associated with the lowest cost solution, for the respective
case.

Case B: Unstable Nonlinear Plant with a Nonlinear
Terminal Constraint

Parameters for this example are given here:

m; =—1, m, = 0.8, m3 = 0.75, g =0.9
& = 0.6, g3 =0.6, g4 = 0.3, g5 =0.1
On=0n=B=R=1, 1o =0, tr =3
x(t,) =[0.1; 0.2], Yr=05

The linear part of this system is unstable for this example. Figure 3
shows the phase portraits of the optimal trajectories, both closed loop
and open loop. As can be seen, all of the feedback and some of the
open-loop trajectories, for neighboring initial conditions, lie close
to each other. Some of the open-loop trajectories converge to higher-
cost solutions, depending on the initial guesses for the costate values.
As mentioned before, the same initial guess was used to obtain the
solutions for all of the initial conditions.

Application to Optimal Detumbling of a Spacecraft

The series solution methodology is finally applied to the problem
of optimal detumbling maneuvers of a rigid asymmetric spacecraft.
The Euler equations for a rigid body are

& =I""[&dlo+ u] (54)

where w = (w1, ), w3) € B3> and u = (uy, us, u3) € R3*! are the
angular velocity and input control torque vectors, respectively. The
moment of inertia matrix / € W**3 is represented in the principal

axes system as

L, 0 0
I={0 L, O (55)
0 0 &L

The angular velocity cross-product operator is represented by @.
The principal moments of inertia for this example are given here®:

I, = 86.24kg-m?>, I, =85.07kg-m?>, I3z = 113.59kg-m>

The performance index is selected to be of the form

T
JZE/ (u)TQa)—Fuf—Fu%—Fug)dt (56)
0

where Q is a positive-definite weight matrix.

The solution presented was developed based upon an expansion
of the cost-to-go to fourth-order and a second-order solution for the
series reversion.?® Series reversion to higher order was not carried
out because of excessive computational burden. Series reversion to
second order was deemed sufficient for this problem, after inspecting
the results. All of the time-dependent gains were stored at discrete
points of time during backward integration, and the stored gains
were utilized to calculate the feedback control and the trajectory,
during the forward integration process. A cubic-spline-interpolation
technique available in MATLAB® was used to determine gains at
intermediate time points between two stored data points. Results
obtained for a specific numerical example are presented next.

In the example considered, the final time was selected to be 2
s, and the weight matrix in the performance index is selected as
the moment of inertia matrix, that is, Q = I. The initial angular
velocities selected are as shown next:

w;(0) = —0.4 rad/s, w,(0) =0.8rad/s, w;(0) = 2rad/s
This example is not very realistic because of the high torque require-
ments but is used to demonstrate the accuracy of our methodology.
Figure 4a shows the trajectories obtained by using the feedback solu-
tion, and for comparison the open-loop solutions are also presented
on the same graph. Again, there is a very close match between the
two solutions. Figure 4b shows the control torques, and slight devia-
tions between the respective closed-loop and open-loop profiles are
noticed. These deviations can be attributed to the very high initial
angular velocities and the short maneuver time. Even though the
differences between the respective control histories are noticeable,
the open-loop and feedback controlled state trajectories are almost
identical. As an additional check, the Lagrange multiplier v, com-
puted along the trajectory, is plotted in Fig. 4c. Ideally, this vector
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Fig. 4a Angular velocities for the spin maneuver.
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Fig. 4b Feedback and open-loop control inputs.
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Fig. 4c Lagrange multipliers associated with the terminal constraints.

should be constant, but it is not so because of series truncation. As
mentioned earlier, very near the final time, the Lagrange multipliers
exhibit sharp changes. Hence the forward integration process was
stopped just before reaching the final time.

Conclusions

This paper presents a series solution method for determining
finite-horizon optimal feedback control laws for nonlinear systems
with nonlinear terminal constraints. Expansion of the value func-
tion as a polynomial series, in terms of the states and the constraint
Lagrange multipliers, is utilized for the solution of the Hamilton—
Jacobi-Bellman equation. The method is applicable to analytic sys-
tems and constraints. This method is more direct and accomplished
in a single step rather than in two steps as in the sweep method.
The resulting optimal control law performs exceedingly well, as
demonstrated on some numerical examples, including the optimal
spacecraft detumbling problem. Many practical guidance problems
require the solutions to fixed final time, terminally constrained non-
linear optimal control problems. There might be significant advan-
tages to neighboring optimal control methods based on nonlinear
realizations of the perturbation dynamics.
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